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Variational properties of σu−curvature for closed
submanifolds of arbitrary codimension in
Riemannian manifolds
Mohammed Benalili
Abstract. The objet of this paper is the study of variations of a func-
tional whose integrant is the σu− curvature of closed submanifolds of
arbitrary codimension in Riemannian manifolds.
1. Introduction
The study of Riemannian geometry is based on the analysis of geometric
operators like the shape operator, the Ricci tensor, the Schouten operator
etc...Some functions built from these operators play a fundamental role in
the understanding of this discipline, in particular algebraic invariants such
the r-th symmetric functions σr associated with the shape operator and the
Newton transformations Tr.The following articles can be consulted on this
subject ([1], [2], [5], [6], [7], [8], [9], [10], [11], [3]). Reilly ( see [9] ) has
considered the variations where the integrand of the functional is a function
of the r-th mean curvatures σr. In a recent paper Case (see [5]) introduced
and studied the notion of r-th weighted curvatures. The aim of this paper is
the study of the variations of a functional whose integrand is σu-curvature, u
stands for a multi-index, on closed submanifolds of a Riemannian manifold.
Some applications to submanifolds of the Euclidian space and the unit round
sphere are given.
2. Generalized Newton Transformations
Let A be an endomorphism of a m-dimensional real vector space V
endowed with the usual inner product. The Newton’s transformations asso-
ciated with A is a family T = (Tr)r∈N defined recurrently by:
To = idV
Tr = σridV −ATr−1.
Denote by End(V ) the space of endomorphisms on V . Let A ∈ End(V )
and A∗ its adjoint endomorphism. End(V ) is then endowed with the inner
1
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product 〈A,B〉 = tr(AB∗) where A, B ∈ End(V ). Borrowing notations
from the paper ([3]), we denote by N(q) the set of all uplets u = (u1, ..., uq)
where uj stand for positive integers. Let End
q(V ) = End(V )× ...×End(V ),
q-times. For any A = (A1, ..., Aq) ∈ End
q(V ), u = (u1, ..., uq) ∈ N(q),
t = (t1, ..., tq) ∈ R
q. Define:
tA = t1A1 + ...+ tqAq
and
tu = (tu1 , ..., tuq )
the Newton polynomial of A is then given by
PA(t) = det(tA+ idV )
=
∑
|u|≤p
σu(A)t
u.
Consider the musical functions α#, αb : N(q)→ N(q) given by
α#(u1, ..., uq) = (u1, ..., uα−1, uα + 1, uα+1, ..., uq)
and
αb(u1, ..., uq) = (u1, ..., uα−1, uα − 1, uα+1, ..., uq).
The generalized Newton transformations (in abbreviated form GNT) are
defined ( see ) by: for any curve t → A(t) in Endd(V) such that A(0) = A
the GNT of A is a family of endomorphisms (Tu)u∈N(q) given by
(1)
d
dt
σu(t) |t=0=
∑
α
tr(
d
dt
Aα(t) |t=0).Tαb(u)).
Once again we use the notations of ( ). For i = (i1, ..., iq) ∈ N(s, q), its
weight is defined as |i| =
(∣∣i1∣∣ , ..., |iq|) ∈ N(q) and its length by ‖i‖ =∑q
α=1 |i
α| =
∑q,s
α=1,j=1 i
α
j . Denote by I(q, s) the subset of N(q, s) of matrices
i such that:
-each entry of i is either 0 or 1
-the length of i is s
-every column of i contains only one entry equal to 1.
Let A = (A1, ..., Aq) ∈ End
q(V ) and i ∈ I(q, s) with I(q, 0) is the set of
vector 0, we put ( as in )
Ai = A
i11
1 A
i21
2 ...A
i
q
1
q ...A
i1s
1 A
i2s
2 ...A
i
q
s
q
with
A0 = 1V .
We quote after ([3]):
Proposition 1. The generalized Newton transformations (Tu : u ∈ N(q))
of A = (A1, ..., Aq) enjoy the following fundamental properties:
(1) For every u ∈ N(q) with |u| ≥ m, Tu = 0
(2) Symmetric functions σu are given by
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|u|σu =
∑
α
tr(AαTαb(u)).
(3) The trace of Tu expresses as
tr(Tu) = (m− |u|)σu.
(4) Symmetric functions σu fulfill the following recurrence relation∑
α,β
tr(AαAβTβbαb(u)) = − |u|σu +
∑
β
tr (Aβ) σβb(u).
(5)
Tu =
|u|∑
s=0
∑
i∈I(q,s)
(−1)‖i‖ σu−|i|A
i.
(6)
Tu = σu1V −
∑
α
AαTαb(u)
= σu1V −
∑
α
Tαb(u)Aα
with |u| ≥ 1.
3. Variational properties
Consider a one family of parameter ψt : M
m → M
n
of immersions
of an m−dimensional closed manifold Mm into an n-Riemannian manifold(
M
n
, 〈, 〉
)
. We consider on Mm the Riemannian metric induced by the
metric on M
n
. If ∇ stands for the covariant derivative in M
n
, for every
vector fields X,Y tangent along Mm in a neighborhood of a point x, the
Gauss formula writes as:
∇XY = ∇XY + α(X,Y )
where
∇ is the induced covariant derivative Mm defined by ∇XY =
(
∇XY
)⊤
α is the second fundamental form given by α (X,Y ) =
(
∇XY
)⊥
.
Similarly if ν is a normal vector field along Mm in a neighborhood of
x,we obtain the Weirgarten equation:
∇Xν = −Aν (X) +DXν
where
D denotes the covariant derivative on the normal bundle of M, defined
by : DXν =
(
∇Xν
)⊥
Aν is the shape operator Aν(X) = −
(
∇Xν
)⊤
which is related to the
second fundamental form by:
〈Aν(X), Y 〉 = 〈α (X,Y ) , ν〉
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for any vector fields X, Y on M.
Consider the following variational problem
δ
(∫
M
σudV
)
= 0
with u ∈ I(q, s).
Theorem 1. With the above notations and assumptions the first varia-
tion of the global σu-curvature is given by:
d
dt
(∫
Mm
σudV
)
=
∫
Mm
{
−gjk
∑
α
RM (να,
∂ψ
∂xk
,
∂ψ
∂xi
,X)
(
Tαb(u)
)i
j
+
(
Tαb(u)
)ij
λα,ij
+ gjk
(
RM
)⊥
(
∂ψ
∂xi
,X⊥)
∂ψ
∂xk
(
Tαb(u)
)
+gjk
〈
∂να
∂t
, νβ
〉
(Aβ)ik
(
Tαb(u)
)i
j
− gjkλβ,k
〈
D ∂
∂xi
να, νβ
〉(
Tαb(u)
)i
j
−λβg
jk
〈
D ∂
∂xi
να, νγ
〉〈
D ∂
∂xk
νβ, νγ
〉(
Tαb(u)
)i
j
−µmgjk
〈
D ∂
∂xi
να,∇ ∂
∂xk
∂ψ
∂xm
〉(
Tαb(u)
)i
j
−
〈
λ, β# (u)
〉
σβ#(u)
}
dV.
By definition of σu, we have
∂σu
∂t
=
∑
α
tr
(
∂Aα
∂t
Tαb(u)
)
with
tr
(
∂Aα
∂t
Tαb(u)
)
=
∂ (Aα)
i
j
∂t
(
Tαb(u)
)j
i
and
(Aα)
j
i = g
jk (Aα)ik
where
(Aα)ik =
〈
∇ ∂
∂xi
∂ψ
∂xk
), να
〉
= −
〈
∇ ∂ψ
∂xi
να,
∂ψ
∂xk
〉
where
(
ν1, ..., νk
)
is an orthogonal basis to Mm and k = n−m.
Hence
∂ (Aα)
j
i
∂t
=
∂gjk
∂t
(Aα)ik + g
jk ∂ (Aα)ik
∂t
.
Obviously
∂gjk
∂t
= −gjl
∂gpl
∂t
gpk
Now, if we consider the calculations in a normal coordinates that is at a
point x ∈ M where the metric tensor fulfills gij(x) =
〈
∂ψ
∂xi
, ∂ψ
∂xj
〉
= δij and
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Γkij(x) = 0, where Γ
k
ij stand for the Christoffel symbols corresponding to the
metric connection ∇ on M , we get
∂gpl
∂t
=
〈
∇ ∂
∂t
∂ψ
∂xp
,
∂ψ
∂xl
〉
+
〈
∂ψ
∂xp
,∇ ∂
∂t
∂ψ
∂xl
〉
=
〈
∇ ∂
∂xp
X,
∂ψ
∂xl
〉
+
〈
∂ψ
∂xp
,∇ ∂
∂xl
X
〉
=
〈
∇ ∂
∂xp
(
λβν
β + µm
∂ψ
∂xm
)
,
∂ψ
∂xl
〉
+
〈
∂ψ
∂xp
,∇ ∂
∂xl
(
λβν
β + µm
∂ψ
∂xm
)〉
= µp,l + µl,p − 2λβ (Aβ)pl .
hence
(10)
∂gjk
∂t
= −gjlgpk
(
µp,l + µl,p − 2λβ (Aβ)pl
)
.
We have also
∂να
∂t
=
〈
∂να
∂t
,
∂ψ
∂xk
〉
∂ψ
∂xk
+
〈
∂να
∂t
, νβ
〉
νβ (11)
= −
〈
να,∇ ∂
∂t
∂ψ
∂xk
〉
∂ψ
∂xk
+
〈
∂να
∂t
, νβ
〉
νβ
= −
〈
να,∇ ∂
∂xk
X
〉
∂ψ
∂xk
+
〈
∂να
∂t
, νβ
〉
νβ
= −gjk
(
λα,j +µ
l (Aα)jl
) ∂ψ
∂xk
+
〈
∂να
∂t
, νβ
〉
νβ.
Now we compute
∂ (Aα)ik
∂t
= −
〈
∇ ∂
∂t
∇ ∂
∂xi
να,
∂ψ
∂xk
〉
−
〈
∇ ∂
∂xi
να,∇ ∂
∂t
∂ψ
∂xk
〉
= −RM (να,
∂ψ
∂xk
,
∂ψ
∂xi
,X) −
〈
∇ ∂
∂xi
∇ ∂
∂xt
να,
∂ψ
∂xk
〉
−
〈
∇ ∂
∂xi
να,∇ ∂
∂xk
X
〉
.
By formula (3.1), we get
∇ ∂
∂xi
∇ ∂
∂xt
να = −gjm
((
λα,ji+µ
l,i (Aα)jl + µ
l (Aα)jl,i
) ∂ψ
∂xm
)
−gjk
(
λα,j +µ
l (Aα)jl
)
∇ ∂
∂xi
∂ψ
∂xk
+
∂
∂xi
〈
∂να
∂t
, νβ
〉
νβ +
〈
∂να
∂t
, νβ
〉
∇ ∂
∂xi
νβ
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so〈
∇ ∂
∂xi
∇ ∂
∂xt
να,
∂ψ
∂xk
〉
= −gjm
(
λα,ji+µ
l,i (Aα)jl + µ
l (Aα)jl,i
)
gmk
+
〈
∂να
∂t
, νβ
〉〈
∇ ∂
∂xi
νβ,
∂ψ
∂xk
〉
= −
(
λα,ki+µ
l,i (Aα)kl + µ
l (Aα)kl,i
)
−
〈
∂να
∂t
, νβ
〉
(Aβ)ik .
In the same manner, we have〈
∇ ∂
∂xi
να,∇ ∂
∂xk
X
〉
=
〈
∇ ∂
∂xi
να,∇ ∂
∂xk
(
λβν
β + µm
∂ψ
∂xm
)〉
=
〈
∇ ∂
∂xi
να, λβ,kν
β + λβ∇ ∂
∂xk
νβ + µm,k
∂ψ
∂xm
+ µm∇ ∂
∂xk
∂ψ
∂xm
〉
= λβ,k
〈
∇ ∂
∂xi
να, νβ
〉
+ λβ
〈
∇ ∂
∂xi
να,∇ ∂
∂xk
νβ
〉
− µm,k (Aα)im
+µm
〈
∇ ∂
∂xi
να,∇ ∂
∂xk
∂ψ
∂xm
〉
.
By noticing that〈
∇ ∂
∂xi
να,∇ ∂
∂xk
νβ
〉
=
〈
∇ ∂
∂xi
να,
∂ψ
∂xj
〉〈
∇ ∂
∂xk
νβ,
∂ψ
∂xj
〉
+
〈
∇ ∂
∂xi
να, νγ
〉〈
νγ ,∇ ∂
∂xk
νβ
〉
= (AαAβ)ik +
〈
D ∂
∂xi
να, νγ
〉〈
D ∂
∂xk
νβ, νγ
〉
where D stands for the connection on the normal fiber bundle.
Consequently〈
∇ ∂
∂xi
να,∇ ∂
∂xk
X
〉
= λβ,k
〈
D ∂
∂xi
να, νβ
〉
+ λβ (AαAβ)ik
+λβ
〈
D ∂
∂xi
να, νγ
〉〈
D ∂
∂xk
νβ, νγ
〉
−µm,k (Aα)im + µ
m
〈
D ∂
∂xi
να,∇ ∂
∂xk
∂ψ
∂xm
〉
.
We get
gjk
∂ (Aα)ik
∂t
= −gjkRM (να,
∂ψ
∂xk
,
∂ψ
∂xi
,X) + gjk
(
λα,ki+µ
l,i (Aα)kl + µ
l (Aα)kl,i
)
+gjk
〈
∂να
∂t
, νβ
〉
(Aβ)ik − g
jkλβ,k
〈
D ∂
∂xi
να, νβ
〉
− gjkλβ (AαAβ)ik
−λβg
jk
〈
D ∂
∂xi
να, νγ
〉〈
D ∂
∂xk
νβ, νγ
〉
+gjkµm,k (Aα)im − µ
mgjk
〈
D ∂
∂xi
να,∇ ∂
∂xk
∂ψ
∂xm
〉
.
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Taking into account formula (10), we get
∂ (Aα)
j
i
∂t
= −gjkRM (να,
∂ψ
∂xk
,
∂ψ
∂xi
,X) + gjk
(
λα,ki+µ
l (Aα)kl,i
)
+gjk
〈
∂να
∂t
, νβ
〉
(Aβ)ik − g
jkλβ,k
〈
D ∂
∂xi
να, νβ
〉
−λβg
jk
〈
D ∂
∂xi
να, νγ
〉〈
D ∂
∂xk
νβ , νγ
〉
(12)
−µmgjk
〈
D ∂
∂xi
να,∇ ∂
∂xk
∂ψ
∂xm
〉
+ λβ (AαAβ)
j
i
.
To compute ∂σu
∂t
we multiply both sides of (3.1) by
(
Tαb(u)
)i
j
and sum.
For the continuation of the calculations we will need the following lemma
which is a form of the property (4) of the proposition (1).
Lemma 1. For any λ = (λ1, ..., λm) ∈ R
m, the symmetric functions σu
fulfill the following recurrence relation:∑
α,β
λβtr(AαAβTβbαb(u)) = −〈λ, u〉 σu +
∑
β
λβtr (Aβ)σβb(u)
where 〈λ, u〉 =
∑
α λαuα.
Proof. First, we have∑
β
λβAβTβb(u) =
∑
β
λβAβ
(
σβb(u)
)
1V −
∑
α
AαTαbβb(u))
=
∑
β
λβσβb(u)Aβ −
∑
α,β
λβAβAαTαbβb(u).
By passing to the traces,∑
α,β
λβtr
(
AβAαTαbβb(u)
)
=
∑
β
λβtr(Aβ)σβb(u) −
∑
β
λβtr
(
AβTβb(u)
)
.
It remains to compute the last term of the right hand side of the above equal-
ity. To do so, we consider the curve A(τ) = (1V + λτ)A. We get A(0) =
A anddA(τ)
dτ
|τ = 0 = λA. The expending of the polynomial PA(τ) (t) =
det(1V + tA (τ)) =
∑
u σ˜u (τ) t
u with σ˜u (τ ) = (1 + λτ)
uσu. We have
dσ˜u (τ)
dτ
|τ = 0 =
∑
β
uβλβσu = 〈λ, u〉 σu
and ∑
β
tr(
d
dt
Aβ(τ ) |τ=0 .Tβb(u)) =
∑
β
λβtr(AβTαβ(u)).
By the definition of the (GTN) Newton transformations we obtain∑
β
λβtr(AβTαβ(u)) = 〈λ, u〉 σu.
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
First, by Lemma (1), we have
∑
α,β
λβ (AαAβ)
j
i
(
Tαb(u)
)i
j
=
∑
α,β
λβtr
(
AαAβTαb(u)
)
=
∑
α,β
λβtr
(
AαAβTβbβ
#αb(u)
)
(13)
=
∑
α,β
λβtr
(
AαAβTβbαbβ
#(u)
)
= −
〈
λ, β#(u)
〉
σβ#(u) +
∑
β
λβtr (Aβ) .σu
we also write,
(14) gjk
∑
α
λα,ki
(
Tαb(u)
)i
j
=
∑
α
λα,ki
(
Tαb(u)
)ki
By the Codazzi formula,we get
gjkµl
∑
α
(Aα)kl ,i
(
Tαb(u)
)i
j
= gjkµl
∑
α
(Aα)ki ,l
(
Tαb(u)
)i
j
+gjk
(
RM
)⊥
(
∂ψ
∂xi
,X⊥)
∂ψ
∂xk
(
Tαb(u)
)i
j
and by equation (1), we infer that
gjkµl
∑
α
(Aα)kl ,i
(
Tαb(u)
)i
j
=
∑
α
µltr
(
(Aα) ,l
(
Tαb(u)
))
+gjk
∑
α
(
RM
)⊥
(
∂ψ
∂xi
,X⊥)
∂ψ
∂xk
(
Tαb(u)
)i
j
(16)
= µlσu,l + g
jk
(
RM
)⊥
(
∂ψ
∂xi
,X⊥)
∂ψ
∂xk
(
Tαb(u)
)i
j
.
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Hence
∂σu
∂t
= −gjk
∑
α
RM (να,
∂ψ
∂xk
,
∂ψ
∂xi
,X)
(
Tαb(u)
)i
j
+
∑
α
(
Tαb(u)
)ij
λα,ij
+µlσu,l + g
jk
(
RM
)⊥
(
∂ψ
∂xi
,X⊥)
∂ψ
∂xk
(
Tαb(u)
)i
j
+gjk
〈
∂να
∂t
, νβ
〉
(Aβ)ik
(
Tαb(u)
)i
j
− gjkλβ,k
〈
D ∂
∂xi
να, νβ
〉(
Tαb(u)
)i
j
(17)
−λβg
jk
〈
D ∂
∂xi
να, νγ
〉〈
D ∂
∂xk
νβ , νγ
〉(
Tαb(u)
)i
j
−µmgjk
〈
D ∂
∂xi
να,∇ ∂
∂xk
∂ψ
∂xm
〉(
Tαb(u)
)i
j
− 〈λ, u〉
∑
β
λβσβ#(u)
+
∑
β
λβtr (Aβ) σu.
The expression of ∂dV
∂t
is standard and it is given by:
(18)
∂dV
∂t
=
(
−λαtr(Aα) + µ
l
,l
)
dV.
By expressions (3.1) and (18), we infer that:
∂σu
∂t
+ σu
(
−λαtr(Aα) + µ
l
,l
)
=
−gjk
∑
α
RM (να,
∂ψ
∂xk
,
∂ψ
∂xi
,X)
(
Tαb(u)
)i
j
+
∑
α
tr
(
Tαb(u)hess(λα
)
)
+gjk
(
RM
)⊥
(
∂ψ
∂xi
,X⊥)
∂ψ
∂xk
(
Tαb(u)
)i
j
+gjk
〈
∂να
∂t
, νβ
〉
(Aβ)ik
(
Tαb(u)
)i
j
− gjkλβ,k
〈
D ∂
∂xi
να, νβ
〉(
Tαb(u)
)i
j
(19)
−λβg
jk
〈
D ∂
∂xi
να, νγ
〉〈
D ∂
∂xk
νβ, νγ
〉(
Tαb(u)
)i
j
−µmgjk
〈
D ∂
∂xi
να,∇ ∂
∂xk
∂ψ
∂xm
〉(
Tαb(u)
)i
j
−
〈
λ, β#(u)
〉
σβ#(u)
+
(
σuµ
l
)
,l
.
where hess is the hessian of λα.
4. Special cases
To simplify the expression of the integrand in Theorem 1, we consider
submanifod with flat normal bundle. First we recall the following facts: for
x ∈M the tangent space Tx
(
M
n)
splits as:
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Tx
(
M
n)
= Tx (M
m)⊕Nx (M
m)
where Tx (M
m) is the tangent space of Mm at x and Nx (M
m) = Tx (M
m)⊥
the normal space of Mm at x.
Let D denote the normal covariant derivative on a m-dimensional sub-
manifold Mn of a Riemannian manifold M
n
and consider the curvature
tensor of the normal bundle
RD(X,Y )ν = DXDY ν −DYDXν −D[X;Y ]ν.
The the normal bundle N(Mm) of Mn in M
n
is said flat if and only if
RD(x) = 0 for any x ∈ M
n and Mn is called submanifold with flat nor-
mal bundle. The normal connection is called flat if the normal bundle of
Mnis flat. It is well known in this case there is in each point y of M
n
an
orthonormal basis
(
ν1, ..., νn−m
)
of N(Mm) such that each vector field να
is parallel in N(Mm) that is to say ∇Xν
α = 0 for each να ∈ N(Mm) and
X ∈ T (Mm). If the ambient manifold M
n
has a constant curvature c then
for any vector fields X,Y ,Z, the curvature tensor of M
n
is given by
RM
n
(X,Y )Z = c
(〈
Z, Y
〉
X −
〈
Z,X
〉
Y
)
so for X,Y tangent and ν normal to Mn
(20) RD(X,Y )ν = 0.
As a consequence of formula (20), we have
Theorem 2. Let Mm be an m-dimensional closed submanifold of an n-
dimensional space M n(c) of constant sectional curvature c. The first vari-
ation of the global σu-curvature is given by:
d
dt
(∫
Mm
σudV
)
=
∫
Mm
(
−
〈
λ, β# (u)
〉
σβ#(u) + c (m+ 1− |u|)
∑
α
λασαb(u)
)
dV
Proof. Indeed, we have:
gjk
∑
α
RM (να,
∂ψ
∂xk
,
∂ψ
∂xi
,X)
(
Tαb(u)
)i
j
= −c
〈
∂ψ
∂xi
,
∂ψ
∂xk
〉∑
α
〈X, vα〉
(
Tαb(u)
)i
j
= −cgjkgik
∑
α,β
λβ
〈
νβ, vα
〉 (
Tαb(u)
)i
j
= −c (m+ 1− |u|)
∑
α
λασαb(u).
On the other hand since the normal connection of Mn is flat, for every x ∈
Mm there exist an orthonormal vector fields ν1, ...νn−m in an open neigh-
borhood U of x such DY ν = 0 in U where Y ∈ TxM . Let cs be a curve on
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M
n
such that να = ∂
∂s
∣∣
s=0
cs. Then
∂να
∂t
∣∣
t=0
= ∂
2
∂t∂s
∣∣∣
t=s=0
cs (ψt) = ∇Xν
α
and
〈
∂να
∂t
∣∣
t=0
, νβ
〉
=
〈
∇Xν
α, νβ
〉
. So Since the integral of a differentiable
form ω on a manifold M is defined as the sum of integrals of this form
multiplied by an element ρi of a partition (ρi)i∈I subordinated to an open
cover (Uj)j∈J of M over Uj(i) which contains the support of ρi; it follows
that the integrals of all terms containing the normal covariant derivatives in
the expression (3.1) cancel. The same is also true for λα,ij since in an open
neighborhood U of each point x ∈Mn, we have
λα,i=
〈
∇ ∂
∂xi
X⊥, να
〉
+
〈
X⊥,∇ ∂
∂xi
να
〉
= 0
hence λα,ij = 0 in U. Consequently the integral on M
n of
(
Tαb(u)
)ij
λα,ij
cancels also. 
4.1. Submanifolds of Euclidean space.
Definition 1. A submanifold Mm of an Euclidean space En is said
σu-minimal if σv vanishes identically where v ∈ N(n −m) is a multi-index
with length |v| = |u|+ 1.
As in the paper of Reilly (see [9]) we will express the minimality of a
submanifold of an Euclidean space Enin terms of partial differential equa-
tions. Let ψ = (ψ1, ..., ψn+1) be the position vector of the submanifold M
m
and ψ,ij = (ψ1,ij, ..., ψn,ij) the second covariant derivative of x on M
m.
ψ,ij =
∂2ψ
∂xi∂xj
− dψ(∇ ∂
∂xi
∂
∂xj
)
=
∂2ψ
∂xi∂xj
−∇
ψ
∗
∂
∂xi
ψ∗
∂
∂xj
=
〈
∂2ψ
∂xi∂xj
, N
〉
N
=
∑
α
λα (Aα)ij N
whereN denotes a normal vector field toMm, λα = 〈N, ν
α〉 and
(
ν1, ..., νn−m
)
an orthonormal basis to Mm.
Hence
ψ,ij (Tu)
ij =
∑
α
λα (Aα)ij
(
Tαbα#(u)
)ij
N =
〈
λ, α#(u)
〉
σα#(u)N.
4.2. Submanifolds of the unit round sphere.
Definition 2. A submanifold in the unit round sphere is said σu-minimal
with if 〈
λ, β# (u)
〉
σβ#(u) − (m+ 1− |u|)
∑
α
λασαb(u) = 0
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Let ψ = (ψ1, ..., ψn) be the position vector of the hypersurface M
m in
the unit round sphere Sn and ψ,ij = (ψ1,ij, ..., ψn,ij) the second covariant
derivative of x onMm. If ∇ denotes the covariant derivative onMn induced
by the covariants derivative ∇S
n
on the unit round sphere. We have
ψ,ij = ∇ ∂
xj
∇ ∂
∂xi
ψ =
(
∇ ∂
xj
dψ
)
(
∂
∂xi
)
= ∇ ∂
xj
dψ(
∂
∂xi
)− dψ
(
∇ ∂
xj
∂
∂xi
)
=
〈
∇S
n
∂
xj
dψ(
∂
∂xi
), N
〉
N
=
∑
α
λα
〈
∇S
n
∂
xj
dψ(
∂
∂xi
), να
〉
N (28)
=
∑
α
λα (Aα)ij N.
where να, α = 1, ..., n−m is a normal orthonormal basis toMm, N a normal
vector field to Mm (as submanifold of Sn) and λα = 〈N, να〉. In order to
characterize the σu-minimality of submanifolds of the unit sphere, in case
〈λ, βb (u)〉 6= 0, we multiply both sides of (4.1) by T
ij
u −(m− |u|+ 1)
∑
β
λβ
〈λ,βb(u)〉
T
ij
βbαb(u)
and sum to infer
T iju ψ,ij =
∑
α
λαT
ij
αbα
#(u)
(Aα)ij − (m− |u|+ 1)
∑
α,β
T
ij
αbβb(u)
λα
λβ
〈λ, βb (u)〉
(Aα)ij
=
〈
λ, β# (u)
〉
σβ#(u) − (m− |u|+ 1)
∑
α
λασαb(u).
if 〈λ, βb (u)〉 = λ1u1 + ... + λβ−1uβ−1 + λβ (uβ − 1) + ... + λmum for any
multi-index u with lenght |u| ≥ 2 then λα = 0 and M
m is a totally geodesic
submanifold of Sn; if |u| = 1 necessarily uβ = 1 and M
m is σ(0,...,0,1,0...0)-
minimal submanifold of Sn.
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